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Abstract
The functor Pσ of σ -additive probability measures on the category of Tychonoff spaces is in-
vestigated. It is shown that the space Pσ (X) is Hewitt complete for every Tychonoff space X; and
Pσ (X) is an AE-space of weight  ω1 iff Pσ (X) is an AE(0)-space of weight  ω1 iff the Hewitt
completion of X is an AE(0)-space of weight  ω1. It is shown that for every separable metrizable
absolute Borel space X the space Pσ (Xω1 ) is homeomorphic to Pσ (X)ω1 . In particular, Pσ (Rω1 ) is
homeomorphic to Rω1 . We find conditions on a Tychonoff (uniform) space X under which Pσ (X)
is a Hewitt completion (respectively is naturally homeomorphic to the completion) of the (uniform)
spaces PR(X) and Pτ (X) of Radon and τ -additive probability measures on X.
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Introduction
In this paper we investigate the functor Pσ :Tych → Tych of σ -additive probability
measures in the category of Tychonoff spaces. This functor is one of five natural extensions
of the functor P :Comp → Comp of probability measures from the category Comp of
compacta onto the category Tych of Tychonoff spaces. All spaces considered in this paper
are Tychonoff, all maps (unlike functions) are continuous. First we remind the definition of
the functor P :Comp→ Comp of probability measures. Given a compact space K by C(K)
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we denote the Banach lattice of all continuous real-valued functions on K endowed with
the sup-norm and P(K)= {µ ∈C∗(K): ‖µ‖ = 1, µ 0} is the positive unit sphere of the
dual Banach space C∗(K), endowed with the ∗-weak topology. By the fundamental Riesz
Theorem, functionalsµ ∈ P(K) may be identified with Borel regular probability measures
on K , see [9, 1.2]. Every continuous function f :X→ Y between compacta induces a map
P(f ) :P(X)→ P(Y ) acting as P(f )(µ)(g)= µ(g ◦ f ) for g ∈ C(Y ). Thus we define the
functor P of probability measures in the category Comp of compacta and their continuous
maps.
Given a Tychonoff space X let βX be its Stone– ˇCech compactification and Pβ(X) ⊂
PR(X)⊂ Pτ (X)⊂ Pσ (X)⊂ P(βX) be the following subspaces of P(βX):
Pβ(X)=
{
µ ∈ P(βX): µ(K)= 1 for some compact subset K ⊂X ⊂ βX},
PR(X)=
{
µ ∈ P(βX): µ(K)= 1 for some σ -compact set K ⊂X ⊂ βX},
Pτ (X)=
{
µ ∈ P(βX): µ(K)= 0 for every compact subset K ⊂ βX \X},
Pσ (X)=
{
µ ∈ P(βX): µ(K)= 0 for any closed Gδ-set K ⊂ βX with K ∩X = ∅
}
.
Elements of Pβ(X), PR(X), and Pτ (X) can be identified with compactly supported,
Radon, and τ -additive probability regular Borel measures on X, respectively, see [1].
As for elements of P(βX), by general Riesz’s theorem they can be identified with
finitely additive regular probability measures, defined on the algebra of Baire subsets,
i.e., the smallest algebra generated by all functionally closed sets of X. Under this
identification elements of Pσ (X) correspond to σ -additive probability measures, defined
on all Baire subsets of X (see [9, §1]). It is easy to see that for every continuous map
f :X → Y between Tychonoff spaces and its Stone– ˇCech compactification βf :βX →
βY the following inclusions hold: P(βf )(Pβ(X)) ⊂ Pβ(Y ), P(βf )(PR(X)) ⊂ PR(Y ),
P(βf )(Pτ (X)) ⊂ Pτ (Y ), and P(βf )(Pσ (X)) ⊂ Pσ (Y ), which allows us to define the
maps: Pβ(f ) = P(βf )|Pβ(X), PR(f ) = P(βf )|PR(X), Pτ (f ) = P(βf )|Pτ (X), and
Pσ (f ) = P(βf )|Pσ (X). Thus we define five functors Pβ,PR,Pτ ,Pσ ,P (β·) :Tych →
Tych extending the functor P . Indeed, though the spaces Pσ (X) and P(βX) consist of
Baire measures, by Marik’s theorem [19] every Baire measure on a compact space can be
uniquely extended to a Borel measure.
Unlike the functors Pβ , PR , and Pτ which were intensively studied during the last
decade [1–5,10–12,20–22,14,7,23], the functor Pσ remained untouched, though now it
became clear that hopes to find non-compact counterparts of some well-known “compact”
results about the functor P are connected essentially with the functor Pσ .
1. The Hewitt completeness of spaces Pσ (X)
We remind that a space X is Hewitt complete if it is homeomorphic to a closed subspace
of the product Rκ of lines for some cardinal κ . Equivalently, Hewitt complete spaces may
be defined as Tychonoff spaces X admitting a compactification γX such that every point
x ∈ γX \X lies in a closed Gδ-set G⊂ γX missing X, see [8, §3.11].
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A subset X of a space Y is C-embedded (respectively C∗-embedded) in Y if every
(bounded) continuous function f :X → R may me extended to a continuous function
f¯ :Y → R. A Hewitt completion of a Tychonoff space X is a Hewitt complete space υX
containing X as a C-embedded dense subspace. According to [8, 3.11.16], each Tychonoff
space X has a unique (up to homeomorphism) Hewitt completion which can be identified
with the subspace
υX = {x ∈ βX: G∩X = ∅ for every
closed Gδ-subset G⊂ βX containing x} ⊂ βX.
It follows that for every continuous map f :X → Y between Tychonoff spaces and its
Stone– ˇCech compactification βf :βX→ βY we have βf (υX)⊂ υY . Therefore the map
f can be extended to a continuous map υf :υX→ υY between Hewitt completions of X
and Y .
In general, the spaces PR(X) and Pτ (X) are not Hewitt complete (even for Hewitt
complete X), see [10,12]. This is not so for the spaces Pσ (X).
Theorem 1.1. For every Tychonoff space X the space Pσ (X) is Hewitt complete and
coincides with the space Pσ (υX).
Proof. The equality Pσ (X)= Pσ (υX) follows directly from the definitions of the functor
Pσ and the space υX.
To show that the space Pσ (X) is Hewitt complete, fix any measure µ0 ∈ P(βX) \
Pσ (X). It follows thatµ0(K) ε for some ε > 0 and some closedGδ-setK ⊂ βX missing
the set X. Write K =⋂∞n=1 Un, where (Un)∞n=1 is a decreasing sequence of open sets in
βX. By [24, II.§1], for every n 1 the set
Un =
{
µ ∈ P(βX): µ(Un) > ε− 1/n
}
is open in P(βX), while the set K= {µ ∈ P(βX): µ(K) ε} is closed in P(βX). Since
K=⋂∞n=1 Un, we get that K is a closed Gδ-set in P(βX) containing the measure µ0 and
missing the set Pσ (X). ✷
Identifying each point x ∈ βX with the Dirac measure δx on βX, we define a closed
embedding βX ⊂ P(βX), see [9, §2]. Under this identification, X = βX ∩ PR(X) =
βX ∩ Pτ (X) and thus X is closed in Pτ (X), see [1, 1.14]. The situation is different for
spaces Pσ (X): a Tychonoff space X is closed in Pσ (X) iff X is Hewitt complete.
Theorem 1.2. The closure X = βX ∩Pσ (X) of a Tychonoff space X in Pσ (X) is a Hewitt
completion of X.
Proof. It suffices to verify that βX ∩ Pσ (X) = υX. To verify the inclusion υX ⊂
βX ∩ Pσ (X), fix a point x ∈ υX and assume that x /∈ Pσ (X). It follows from the proof
of Theorem 1.1 that the point x is contained in a closed Gδ-set K ⊂ P(βX) missing
the set Pσ (X). Then K ∩ βX is a closed Gδ-set in βX missing the set X ⊂ Pσ (X)
and containing the point x . Consequently, x /∈ υX, a contradiction. To verify the reverse
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inclusion βX∩Pσ (X)⊂ υX, fix a point x ∈ βX∩Pσ (X) and assume that x /∈ υX. Then x
is contained in a closed Gδ-set K ⊂ βX missing the set X. Identifying the point x with the
Dirac measure δx , we see that δx(K)= 1 and thus x = δx /∈ Pσ (X), a contradiction. ✷
It is known that the functors Pβ , PR , and Pτ preserve embeddings of Tychonoff spaces,
see [1, 1.4]. It is not so for the functor Pσ : Let f :X→ Y be any embedding of Tychonoff
spaces such that its “Hewitt-completion” υf :υX → υY is not an embedding. Since
υf = Pσ (υf )|υX, the map Pσ (f )= Pσ (υf ) is not an embedding.
In light of this example, one may suggest that the functor Pσ preserves embeddings of
Hewitt complete spaces. Again, it is not so:
Proposition 1.3. There is an embedding f :X→ Y of Hewitt complete spaces such that
the map Pσ (f ) is not injective.
Proof. To construct such an embedding f we use the existence of a Hewitt complete space
X such that the space Pτ (X) is not Hewitt complete, e.g., take X = Rc, see [10,12, 4.4].
By Theorem 1.1, Pτ (X) = Pσ (X) and thus there exists a measure µ0 ∈ Pσ (X) \ Pτ (X)
and a compact subset K ⊂ βX \ X such that µ0(K) > 0. Without loss of generality,
µ0(U) > 0 for every non-empty open subset U ⊂K . Write K =K1 ∪K2, where Ki =K ,
i = 1,2, are closed subsets of K with non-empty interiors. For i = 1,2 define a Borel
measure µi ∈ P(βX) letting µi(B) = µ0(Ki ∩B)/µ0(Ki) for a Borel subset B ⊂ βX.
It is clear that µ1,µ2 are distinct measures belonging to the set Pσ (X) \ Pτ (X). Let
γX = βX/K and f :X→ γX be the restriction of the quotient map π :βX→ γX onto
X. It is easy to see that P(π)(µ1) = P(π)(µ2) is the Dirac measure δx supported by a
unique point of the one-point set π(K) ⊂ γX \ f (X). Since Pσ (f ) = P(π)|Pσ (X), we
get that Pσ (f )(µ1)= Pσ (f )(µ2) and hence the map Pσ (f ) is not injective. ✷
We recall that an embedding X ⊂ Y is called a z-embedding if for every functionally
open subset U ⊂X there is a functionally open set V ⊂ Y with U = V ∩X, see [13, 3.2.6].
It is clear that every C∗-embedding is a z-embedding. Also, every embedding of a Lindelöf
space into a Tychonoff space is a z-embedding, [13, 3.2.8].
In spite of the above negative examples we have the following easy positive result.
Proposition 1.4. If f :X→ Y is a z-embedding between Tychonoff spaces, then the map
Pσ (f ) :Pσ (X)→ Pσ (Y ) is an embedding.
This proposition easily follows from the inner description of the space Pσ (X) as the
space of all probability σ -additive Baire measures on X, endowed with the weakest
topology for which the map µ → µ(U) is lower-semicontinuous for every functionally
open set U ⊂X, see Theorem 2 in [24, II].
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2. Spaces for which Pσ (X)= Pτ (X)In this section we search for spaces X satisfying the equality Pσ (X)= Pτ (X). Clearly,
this is so if X is a universally measurable space, under which we understand a space X
satisfying Pσ (X)= PR(X). This however occurs not so often: any Lebesgue unmeasurable
subspace of [0,1] is not universally measurable. On the other hand, any Souslin space is
universally measurable, see [23]. We remind that a Tychonoff space X is Souslin if X is a
continuous image of a Polish space. A space X is Polish if it is separable and complete-
metrizable.
Yet, there are lot of spaces X which are not universally measurable, but satisfy the
equality Pσ (X)= Pτ (X). First note that Theorem 1.1 implies that each space X satisfying
Pσ (X) = Pτ (X) must be Hewitt complete. Nonetheless, the Hewitt completeness of
X does not guarantee that Pσ (X) = Pτ (X). For example, the space Rc is Hewitt
complete, nonetheless Pσ (Rc) = Pτ (Rc). The problem of detecting Hewitt complete
spaces satisfying the equality Pσ (X) = Pτ (X) turns to be non-trivial and is connected
with some set-theoretic assumptions, additional to ZFC.
We recall that a cardinal κ is Ulam-measurable (respectively real-valued-measurable)
if a discrete space D of cardinality κ carries a continuous σ -additive (respectively κ-
additive) probability measure defined on the collection of all subsets of D. A measure
µ on D is called continuous if µ({x}) = 0 for every point x ∈ D; µ is κ-additive if
for any family N of µ-null subsets of D with |N | < κ we get µ(⋃N ) = 0. It is clear
that each real-valued-measurable cardinal is Ulam measurable. Conversely, the smallest
Ulam-measurable cardinal is real-valued-measurable, see [16, 23.19]. Ulam-measurable
cardinals cannot be small. In particular, the smallest Ulam-measurable cardinal is weakly
inaccessible, i.e., is both limit and regular, see [15]. It is known that in some models of
ZFC weakly inaccessible cardinals do not exist, see [18, p. 279].
If X is a discrete space of Ulam-measurable cardinality, then Pσ (X) = Pτ (X) since
every τ -additive measure on a discrete space is Radon and cannot be continuous, see [1,
2.17]. Therefore, if a Tychonoff space X contains a closed discrete subspace of Ulam-
measurable cardinality, then Pσ (X) = Pτ (X). The converse is true for paracompact spaces,
see Theorem 28 in [24, I].
Theorem 2.1. A paracompact space X contains a closed discrete subspace of Ulam-
measurable cardinality if and only if Pσ (X) = Pτ (X).
Therefore, in models of ZFC containing no Ulam-measurable cardinals, every paracom-
pact space X satisfies Pσ (X) = Pτ (X). It is interesting to remark that a discrete space of
Ulam-measurable cardinality can be Hewitt complete. According to [8, 3.11.D] a discrete
space is Hewitt complete if and only if its cardinality is not measurable. We recall that a
cardinal κ is measurable if a discrete space D of size κ admits a two-valued σ -additive
probability continuous measure defined on the σ -algebra of all subsets of D. Thus if the
size of a discrete space D is Ulam-measurable but not measurable, then D is Hewitt com-
plete but Pσ (D) = Pτ (D).
Since each Lindelöf space is paracompact and contains no uncountable closed discrete
subspace, Theorem 2.1 implies
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Corollary 2.2. For every Lindelöf space X the spaces Pσ (X) and Pτ (X) coincide.This corollary can be slightly generalized. Observe that for a Lindelöf space X every
compactum K ⊂ βX \X is contained in a closed Gδ-subset G⊂ βX with G∩X= ∅.
For a Hewitt complete space X let h(X) be the smallest cardinal κ such that
every compact subset K ⊂ βX \ X can be covered by <κ many closed Gδ-subsets
of βX missing the set X. It is easy to see that h(X)  ℵ1 for every Lindelöf space
X and that h(X)  (Q-w(X))+, where Q-w(X), the Q-weight of a Hewitt complete
space X, is the smallest cardinal κ such that X is homeomorphic to a closed subset
of Rκ .
By m we denote the smallest cardinal κ for which MA(κ) fails. It is known that
ℵ0 < m  c while the assumption m = c, is equivalent to the Martin Axiom, see [25,
p. 201].
Theorem 2.3. If X is a Hewitt complete space with h(X)m, then Pσ (X)= Pτ (X).
Proof. Let µ ∈ Pσ (X). To show that µ ∈ Pτ (X), fix any compact subset K ⊂ βX \ X.
By the definition of the cardinal h(X), there exists a cover C of K by closed Gδ-sets
in βX such that |C| < h(X) and (⋃C) ∩ X = ∅. Since µ ∈ Pσ (X), we conclude that
µ(K ∩G) = µ(G)= 0 for every G ∈ C . Thus the compact subset K of X is covered by
<m many of closed subsets of zero µ-measure. It follows that µ(K) = 0, see [12, 5.1].
Consequently, µ ∈ Pτ (X). ✷
By [1, 1.16],w(Pτ (X))=w(X) for any Tychonoff spaceX. Consequently,w(Pσ (X))=
w(X) provided Pσ (X)= Pτ (X). However, in general, the weight of the space Pσ (X) can
exceed the weight of X.
Given a Tychonoff space X under a z-weight of X (denoted by z-w(X)) we understand
the smallest weight of a compact space K containing X as a z-embedded subspace;
the R-weight R-w(X) of X is equal to the smallest cardinal τ for which there is a
C-embedding of X into Rτ . Since Rτ admits a z-embedding into [0,1]τ and each C-
embedding is a z-embedding, we get z-w(X)  R-w(X)  |C(X)|  2w(X) for each
Tychonoff space. Also z-w(X) = w(X) for each Lindelöf Tychonoff space, see [13,
3.2.8].
The following theorem estimates the weight of the space Pσ (X).
Theorem 2.4. For any Tychonoff space X we have w(υX)  w(Pσ (X))  z-w(X).
Moreover, w(X) < w(Pσ (X)) if X contains a discrete subspace of real-valued-measurable
cardinality κ =w(X).
Proof. Since the Hewitt completion υX of X is homeomorphic to the closure of X in
Pσ (X) (see Theorem 1.2), we see w(υX)  Pσ (X). To show that w(Pσ (X))  z-w(X),
fix any compact Hausdorff space K with w(K)= z-w(X) containing X as a z-embedded
subspace. By Proposition 1.4, Pσ (X) is a subspace of Pσ (K)= P(K). Then w(Pσ (X))
w(P(K))=w(K)= z-w(X).
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Now suppose that X contains a discrete subspace D of real-valued-measurable car-
dinality κ = w(X). The cardinal κ , being real-valued-measurable, is regular, see [16,
23.12]. Applying Theorem 17.17 of [16], find a family A of subsets of D with |A| > κ
such that A is almost disjoint in the sense that |A| = κ and |A ∩ B| < κ for any distinct
A,B ∈A. On each set A ∈A fix a probability κ-additive measure µA. We claim that the
set M = {µA: A ∈A} is discrete in Pσ (X). Indeed, given an element A ∈A consider its
open neighborhood UA =X \D \A and note that the set {µ ∈ Pσ (X): µ(UA) > 12 } is an
open neighborhood of the measure µA, disjoint with the set M \ {µA}. Thus M is discrete
and w(Pσ (X))w(M)= |M| = |A|> κ =w(X). ✷
3. The functors PR and Pσ and inverse spectra
One of important properties of the functor P :Comp → Comp is its continuity. This
means that P preserves limits of inverse spectra of compacta. In this section we study the
action of the functors PR and Pτ on inverse spectra of Tychonoff spaces.
We shall need the following result on preserving of (open) surjective maps by the functor
PR , see [5].
Theorem 3.1. Let f :X→ Y be a map between Tychonoff spaces.
(1) The map PR(f ) :PR(X)→ PR(Y ) is open and surjective provided so is the map f
and X possesses a base B of open sets such that for any U ∈ B the map PR(f |U) :
PR(U)→ PR(f (U)) is surjective.
(2) The map PR(f ) :PR(X)→ PR(Y ) is (open and) surjective provided so is the map f
and the space X is Souslin.
Next, we need some information related to inverse spectra, see [13, §3.1]. A partially
ordered set (A,) is called (1) directed if for every a, b ∈A there exists c ∈A with c a,
c  b; (2) lower countable if ↓a = {x ∈ A: x  a} is countable for every a ∈ A; (3) ω-
complete if for every countable set C ⊂ A there is a ∈ A such that C ⊂ ↓a. It is clear
that the ordinal ω1 endowed with the natural order is a well-ordered ω-complete lower
countable directed set.
Under a spectrum over a directed set (A,) we understand a collection S =
{Xα,πγα ,A} consisting of Tychonoff spaces Xα , α ∈ A, and maps πγα :Xγ → Xα for
α  γ from A such that πγα = πβα ◦ πγβ for every elements α  β  γ of A. Let limS
denote the limit space of the spectrum S . We shall always assume that the limit projections
πα : limS→Xα , α ∈ A, are dense, that is, πα(limS) is dense in Xα for every α ∈ A. For
a directed subset B of A by S|B we denote the subspectrum S|B = {Xα,πγα ,B} of S ,
consisting of the spaces Xα and the projections πγα for which α,γ ∈ B . Given a collection
{fα :X → Xα}α∈A of maps of a space X into the spaces of the spectrum S such that
π
γ
α ◦ fγ = fα for every α  γ in A by limfα :X→ limS we denote the induced map into
the limit space of S .
A spectrum S = {Xα,πγα ,A} is defined to be
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• continuous if for every chain B ⊂ A having supremum β = supB the map
limα∈B πβα :Xβ → limS|B is a homeomorphism;
• open if the projection πγα :Xγ →Xα is open and surjective for every α  γ in A;
• ω-complete (respectively well-ordered ) provided so is its index set A;
• a ω-spectrum if it is ω-complete and each space Xα , α ∈A, is second countable;
• factorizable if every continuous map f : limS→R can be written as f = fα ◦ πα for
some α ∈A and some continuous map fα :Xα →R.
According to [13, 3.1.5] a ω-complete spectrum S with surjective bonding maps is
factorizable if and only if every bounded continuous map f : limS→R can be written as
f = fα ◦ πα for some α ∈A and some bounded continuous map fα :Xα →R. By another
result of [13, 3.1.7] a ω-complete open spectrum S = {Xα,πγα ,A} is factorizable provided
all the spaces Xα , α ∈ A, are countably cellular (in particular, are separable). In fact, by
the same method the following more general statement can be proven.
Proposition 3.2. Suppose S = {Xα,πγα ,A} is a ω-complete spectrum and X ⊂ limS is
a countably cellular subspace of its limit such that the restriction πα|X :X→ Xα of the
limit projection is open and surjective for any α ∈ A. Then every map f :X→ R can be
written as f = fα ◦ πα|X for some α ∈A and some map fα :Xα →R. In particular, X is
C-embedded into limS .
We remind that a topological space X is countably cellular (or else has countable
Souslin number) if X contains no uncountable collection of pairwise disjoint nonempty
open sets.
In [1, 2.19] it is proven that the functor PR is continuous on countable spectra. This fact
and Theorem 3.1 imply
Theorem 3.3. Let S = {Xα,πγα ,A} be a spectrum.
(1) The spectrum PR(S)= {PR(Xα),PR(πγα ),A} is continuous provided S is continuous
and the index set A is lower countable;
(2) If S is an open spectrum consisting of Souslin spaces, then the spectrum PR(S) is
open.
Corollary 3.4. If S = {Xα,πγα ,A} is a ω-complete lower countable open spectrum
consisting of Souslin spaces, then the spectrum PR(S) = {PR(Xα),PR(πγα ),A} is
factorizable.
Proof. By Theorem 3.3 the spectrum PR(S) is continuous and open. The spaces Xα ,
α ∈A, being Souslin, are separable. Then the spaces PR(Xα), α ∈A, are separable too [1,
2.25] and hence countably cellular. Applying finally [13, 3.1.7, 3.1.8] we conclude that the
spectrum PR(S) is factorizable. ✷
It should be mentioned that the functor PR does not preserve limits of uncountable
spectra, see [1, 4.27]. On the other hand, we have
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Theorem 3.5. The functor Pσ preserves limits of factorizable spectra, that is, for
every factorizable spectrum S = {Xα,πγα,A} the natural map limPσ (πα) :Pσ (limS)→
limPσ (S) is a homeomorphism.
Proof. Let S = {Xα,πγα ,A} be a factorizable spectrum and X = limS denote its limit.
Consider the “Stone– ˇCech compactification” βS = {βXα,βπγα,A} of S and observe that
the factorizability of S implies that the natural map limβπα :β(limS) → limβS is a
homeomorphism. Thus we may identify βX with limβS . Next, consider the spectra
P(βS) = {P(βXα),P (βπγα ),A} and Pσ (S) = {Pσ (Xα),Pσ (πγα ),A}. By the continuity
of the functor P , the limit space limP(βS) of the spectrum P(βS) can be identified with
the space P(limβS)= P(βX). Under this identification, the limit space limPσ (S) of the
spectrum Pσ (S) coincides with the subspace
L= {µ ∈ P(βX): P(βπα)(µ) ∈ Pσ (Xα)
}
for all α ∈A.
We claim that L = Pσ (X). In fact, the inclusion Pσ (X) ⊂ L is trivial and follows from
the functoriality of the construction Pσ . To show the inverse inclusion, fix a measure
µ0 ∈ L and a closed Gδ-set G ⊂ βX missing X. It follows that G = f−1(0) for
some continuous function f :βX → [0,1]. Consider the positive continuous function
g = 1/f :X→[1,∞). By the factorizability of the spectrum S , we may find α ∈A and a
continuous function gα :Xα → R such that g = gα ◦ πα . Since πα(X) is dense in Xα and
g(X) = gα ◦ πα(X) ⊂ [1,∞), we get gα(Xα) ⊂ [1,∞). Then fα = 1/gα :Xα → (0,1]
is a bounded continuous function on Xα which can be extended to a continuous function
f¯α : βXα →[0,1]. Let Kα = f¯−1α (0) and note that Kα is a closed Gδ-set in βXα missing
the set Xα . Consequently,P(βπα)(µ0)(Kα)= 0 which implies µ0(βπ−1α (Kα))= 0. Since
f |X = fα ◦ πα we get f = f¯α ◦ βπα and thus
K = f−1(0)= (f¯α ◦ βπα
)−1
(0)= βπ−1α
(
f¯−1α (0)
)= βπ−1α (Kα).
Then µ0(K)= 0 and hence µ0 ∈ Pσ (X). ✷
We recall that metrizable separable spaces X which are Borel subsets in their com-
pletions are called absolute Borel spaces. Each absolute Borel space X is universally
measurable and thus PR(X)= Pσ (X). A complete topological classification of the spaces
PR(X) for absolute Borel spaces X was obtained in [3].
We say that two maps f :X → Y , f ′ :X′ → Y are homeomorphic if f = f ′ ◦ h for
some homeomorphism h :X→ X′. Given a space F we define a map f :X→ Y to be a
trivial F -bundle if f is homeomorphic to the projection prFY :Y × F → Y .
In [4, 3.2] it is proven that for any trivial F -bundle f :X → Y over a metrizable
separable base Y with an infinite absolute Borel fiber F , the map PR(f ) :PR(X)→ PR(Y )
is a trivial PR(F)-bundle.
Theorem 3.6. Let Y,F be absolute Borel spaces. For every trivial Fω1 -bundle f :Z→ Y
the map PR(f ) is a trivial PR(F)ω1 -bundle.
Proof. Let f :Z → Y be a trivial Fω1 -bundle. Without loss of generality, the space F
is infinite. Consider the well ordered ω-complete open spectrum S = {Y × Fα,πγα ,ω1}
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of absolute Borel spaces, where for α  γ < ω1, πγα :Y × Fγ → Y × Fα is the natural
projection. Without loss of generality, Z = limS = Y × Fω1 and f coincides with the
limit projection π0 : limS → Y × F 0 = Y . By Theorem 3.3(1), the spectrum PR(S) =
{PR(Y × Fα),PR(πγα ),ω1} is continuous and by [4, 3.2] for every α < ω1 the map
PR(π
α+1
α ) :PR(Y × Fα+1)→ Pr(Y × Fα) is a trivial PR(F)-bundle. It follows that the
limit projection p0 : limPR(S)→ PR(Y×F 0)= PR(Y ) is a trivial PR(F)ω1 -bundle. Since
all the spaces of the spectrum S are universally measurable, PR(S) = Pσ (S). Next, the
spectrum S is factorizable because S is open, ω-complete and consists of separable spaces.
By Theorem 3.5, the space Pσ (limS)= Pσ (Y ×Fω1) may be naturally identified with the
limit space limPR(S) of the spectrum PR(S)= Pσ (S). Under this identification, the map
Pσ (f ) = Pσ (π0) coincides with the limit projection p0 and thus is a trivial PR(F)ω1 -
bundle. ✷
Corollary 3.7. For every absolute Borel space X the space Pσ (Xω1) is homeomorphic to
PR(X)
ω1
.
Since the space PR(R) is homeomorphic to Rω [3, 2.4] we get
Corollary 3.8. The space Pσ (Rω1) is homeomorphic to Rω1 .
4. The functor Pσ and Absolute Extensors
It is known that a compact space X is an AE(0)-space of weight  ω1 if and only if
P(X) is an AR-space, see [9, 4.5]. In this section we find a non-compact counterpart of
this result.
We recall that a space X is an absolute retract (briefly, AR) if for every C-embedding
of X ⊂ Y into a Tychonoff space Y there exists a retraction of Y onto X. The definition
of an AE(0)-space is more complicated, see [13, §3.3]. Given a space Z and a subspace
Z0 of Z let C(Z) denote the set of all real-valued continuous functions on Z and let
C(Z)|Z0 = {ϕ|Z0: ϕ ∈ C(Z)} ⊂ C(Z0) be the set of continuous functions of Z0 which
can be extended over Z. For a map f :X→ Y let f ∗(C(Y ))= {ϕ ◦ f : ϕ ∈ C(Y )}. A map
f :X → Y between Tychonoff spaces is n-soft, 0  n ∞, if for every space Z with
dimZ  n, every subspaces Z0 ⊂ Z1 of Z and every maps g :Z0 → X and h :Z1 → Y
such that g∗(C(X)) ⊂ C(Z)|Z0, h∗(C(Y )) ⊂ C(Z)|Z1 and f ◦ g = h|Z0, there exists a
map g¯ :Z1 →X such that f ◦ g¯ = h, g = g¯|Z0 and g¯∗(C(X))⊂ C(Z)|Z1.
A space X is called an AE(n)-space, 0  n ∞, if the constant map X→ {∗} onto
a one-point space is n-soft. Under an AE-space (respectively soft map) we understand an
AE(∞)-space (respectively ∞-soft map). It is known that a space X is an AR iff X is an
AE [13, 3.3.4]. By [13, 3.6.5] a metrizable space is an AE(0) if and only if it is a Polish
space; a map between Polish spaces is 0-soft if and only if it is open and surjective.
According to a spectral characterization [13, §3.5], a map f :X→ X0 of a Tychonoff
space X of weight ω1 onto a Polish space X0 is n-soft, 0  n  ∞, if and only if
f is homeomorphic to the limit projection π0 of a well-ordered continuous spectrum
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{Xα,πγα ,ω1} of Polish spaces such that all the projections πγα :Xγ → Xα , α  γ < ω1,
are n-soft maps.
Theorem 4.1. If f :X→X0 is a 0-soft map of a Tychonoff space X of weight  ω1 onto
a Polish space X0, then the map Pσ (f ) :Pσ (X)→ Pσ (X0) is soft.
Proof. It follows from [13, 3.3.21] that X is an AE(0)-space. If w(X)= ω0, then f :X→
X0, being a 0-soft map between Polish spaces, is open and surjective. By [4, 1.2], the map
Pσ (f )= PR(f ) :Pσ (X)→ Pσ (X0) is soft.
Next, assume that w(X)= ω1. Then the 0-soft map f :X→X0 is homeomorphic to the
limit projection π0 : limS→X0 of a well-ordered open continuous factorizable spectrum
S = {Xα,πγα ,ω1} consisting of Polish spaces, see [13, 3.5.1]. By Theorem 3.3(1), the
spectrum PR(S)= {PR(Xα),PR(πγα ),ω1} is continuous. Moreover, since the projections
π
γ
α are open surjective maps between Polish spaces, we may apply [4, 1.2] to conclude that
the maps PR(πγα ) are soft. Again applying the spectral characterization of soft maps [13,
§3.5], we get that the limit projection p0 : limPR(S)→ PR(X0) is soft. It follows from
Theorem 3.5 that the space Pσ (limS) can be identified with the limit space limPσ (S) of
the spectrum Pσ (S) = PR(S) (hence w(Pσ (limS))  ω1). Under this identification the
map Pσ (f ) :Pσ (X)→ Pσ (X0) coincides with the limit projection p0 of PR(S) and thus
is soft. ✷
Corollary 4.2. If X is an AE(0)-space of weight  ω1, then Pσ (X) is an AE-space of
weight  ω1.
Of course, the converse is not true: take any space X whose Hewitt completion υX =X
is an AE(0)-space of weightω1, e.g., takeX be theΣ-productΣ(ω1)= {(xα) ∈Rω1 : |{α ∈
ω1: xα = 0}|  ℵ0} of lines. Then Pσ (X) = Pσ (υX) is an AE, but X is not Hewitt
complete and thus is not an AE(0)-space, see [13, 3.3.7].
Nonetheless, the following characterization generalizing [9, 4.5] and [6] is true.
Theorem 4.3. For a Tychonoff space X the following conditions are equivalent:
(1) the Hewitt completion υX of X is an AE(0)-space of weight  ω1;
(2) Pσ (X) is an AE(0)-space of weight  ω1;
(3) Pσ (X) is an AE-space of weight  ω1.
Proof. The implication (1)⇒ (3) follows from Corollary 4.2 and Theorem 1.1, while
(3)⇒ (2) is trivial. To prove the implication (2)⇒ (1), assume that Pσ (X) is an AE(0)-
space of weight  ω1. Since Pσ (υX) = Pσ (X), we can assume that X = υX that is the
space X is Hewitt complete.
If w(Pσ (X)) = ω0, then w(X)  ω0 and by Theorem 2.1, Pσ (X) = Pτ (X). By [24,
II.§4], the space Pτ (X) is metrizable. Then Pσ (X) = Pτ (X), being a metrizable AE(0)-
space, is a Polish space, see [13, 3.6.5]. Consequently, the spaceX, being a closed subspace
of the Polish space Pτ (X), is Polish too. Applying [13, 3.3.10], we conclude that X is an
AE(0)-space.
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Next, assume that w(Pσ (X)) = ω1. By [13, 3.5.4], Pσ (X), being an AE(0)-space of
weight ω1, is homeomorphic to the limit space of a well-ordered factorizable spectrum
S = {Yα,πβα ,ω1} consisting of Polish spaces and open surjective bonding maps. In the
sequel we shall identify Pσ (X) with the limit space limS of the spectrum S .
According to Theorem 1.1, the space X, being Hewitt complete, is a closed subspace
of Pσ (X). Given a countable ordinal α denote by πα :Pσ (X)→ Yα the limit projection of
the spectrum S and let Xα = πα(X) ⊂ Yα . It follows that X is the limit of the spectrum
S ′ = {Xα,πβα |Xβ,ω1}.
We claim that the spectrum S ′ is factorizable. By [13, 3.1.5], it suffices to verify that
each bounded continuous map f : limS ′ = X→ R can be written as f = fα ◦ πα|X for
some ordinal α < ω1 and some continuous map fα :Xα → R. Given such a bounded
map f :X → R consider the bounded map f¯ :Pσ (X) → R defined by f¯ (µ) = µ(f )
for µ ∈ Pσ (X). By the factorizability of the spectrum S , the map f¯ can be written as
f¯ = f¯α ◦ πα for some ordinal α < ω1 and some map f¯α :Yα → R. Then f = fα ◦ πα|X,
where fα = f¯α|Xα .
Now consider the spectrum Pσ (S ′) = {Pσ (Xα),Pσ (πβα |Xβ),ω1}. According to Theo-
rem 3.5, the space Pσ (X) can be identified with the limit space limPσ (S ′) of the spectrum
Pσ (S ′).
Thus the limits of the ω-spectra S and Pσ (S ′) coincide with the space Pσ (X). Since the
spectrum S is factorizable, we can apply the Šcˇepin Spectral Theorem [13, 3.1.9] to find
a cofinal index subset A⊂ ω1 and a morphism {fα}α∈A :S|A→ Pσ (S ′)|A of the spectra
S|A and Pσ (S ′)|A inducing the identity homeomorphism of their limits.
We are going to show that the spectrum Pσ (S ′)|A is factorizable. First we show that
each space Xα is Souslin. Observe that for any α ∈ A and any x ∈ X ⊂ Pσ (X) we get
πα(x) = Pσ (πα|X)(x) = fα ◦ πα(x). Consequently, Xα ⊂ fα(Yα) ⊂ Pσ (Xα). The space
Xα is closed in Pσ (Xα) while fα(Yα), being a continuous image of the Polish space Yα ,
is Souslin. Then Xα , being a closed subspace of the Souslin space fα(Yα), is Souslin.
Consequently, the spaces of the spectrum S ′|A are Souslin and thus Pσ (Xα) = PR(Xα)
for each α ∈A. In this situation we can apply Theorem 3.1 to show that the bonding maps
of the spectrum Pσ (S ′)|A= PR(S ′)|A are surjective. We claim that moreover, the bonding
maps PR(πβα |Xβ) :PR(Xβ)→ PR(Xα) of the spectrum PR(S ′)|A are open and surjective.
This will follow from Theorem 3.1 as soon as we prove that the map πβα :Xβ → Xα is
open for each ordinals α < β from the index set A⊂ ω1.
For this, fix a point x ∈ Xβ and an open neighborhood U ⊂ Xβ of x . By [24], the set
U = {µ ∈ PR(Xβ): µ(U) > 12 } is an open neighborhood of the Dirac measure x ∈ X ⊂
PR(Xβ) in the space PR(Xβ)= Pσ (Xβ). By the continuity of the map fβ :Yβ → Pσ (Xβ),
there is an open neighborhood W ⊂ Yβ of the point x ∈ Xβ ⊂ Yβ such that fβ(W) ⊂ U .
Since the bonding map πβα :Yβ → Yα is open, the set πβα (W) is an open neighborhood of
the point πβα (x) in Yα . Then πβα (W) ∩Xα is an open neighborhood of the point πβα (x) in
Xα which proves the openness of the map πβα |Xβ :Xβ →Xα .
Therefore the bonding maps of the spectrum Pσ (S ′)|A are open and surjective. The
space Pσ (X)= limPσ (S ′)|A, being an AE(0)-space, is countably cellular, see [13, 3.3.8].
In this situation it is legal to apply [13, 3.1.7] to conclude that the spectrum Pσ (S ′)|A
is factorizable. Thus we get two factorizable ω-spectra S|A and Pσ (S ′)|A whose limit
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spaces coincide. By the Šcˇepin Spectral Theorem [13, 3.1.9], these spectra contain cofinal
isomorphic subspectra S|B and Pσ (S ′)|B where B ⊂ A ⊂ ω1 is a cofinal index set. It
follows that for each α ∈ B the space Pσ (Xα) is homeomorphic to the Polish space Yα .
Then Xα , being a closed subspace of Pσ (Xα), is a Polish space. Therefore, the space
X is the limit space of the well-ordered factorizable spectrum S ′|B = {Xα,πβα |Xβ,B}
consisting of Polish spaces and open surjective bonding maps. By [13, 3.5.4], X is an
AE(0)-space of weight  ω1. ✷
Problem 4.4. Suppose X is a Hewitt complete space such that Pσ (X) an AE(0). Is X an
AE(0) of weight  ω1? Is Pα(X) an AE?
For compact spaces X the answer to the above question is in positive, see [9, 4.5] or [6].
Problem 4.5. Classify topologically homogeneous AE-spaces Pσ (X) of weight  ω1. Is
every such a space Pσ (X) homeomorphic to Rκ × [0,1]λ for some cardinals 0 κ  λ
w1?
We say that a Tychonoff space X is an absolute F -valued extensor, where F :Tych→
Tych is a functor containing the identity functor as a subfunctor, if for every C-embedding
X ⊂ Y of X into a Tychonoff space Y there exists a map r :Y → F(X) such that r|X= id.
According to the fundamental Haydon Theorem [17], a compactumX is an AE(0)-space
if and only if X is an absolute Pβ -valued extensor. One part of this result is valid also in the
non-compact case: every AE(0)-space is an absolute Pβ -valued extensor, see [13, §3.3]. On
the other hand, a space X is an absolute Pσ -valued extensor provided the space Pσ (X) is an
AE. Note that each absolute Pτ -valued extensor is Hewitt complete, while there exists an
absolute Pσ -valued extensorΣ(ω1) (theΣ-product of lines) which is not Hewitt complete.
Problem 4.6. Investigate the interplay between the following properties of a Hewitt
complete space X:
(1) X is an AE(0)-space;
(2) X is an absolute Pβ -valued extensor;
(3) X is an absolute Pσ -valued extensor;
(4) Pσ (X) is an AE.
In particular, is there a Hewitt complete absolute Pσ -valued extensor X which is not an
absolute Pβ -valued extensor (or not an AE(0)-space)?
5. Spaces Pσ (X) and Hewitt completions of PR(X) and Pτ (X)
As we saw in Theorem 1.1, the space Pσ (X) is Hewitt complete for every Tychonoff
space X. Since PR(X) and Pτ (X) are dense subspaces of Pσ (X), the following problem
arises naturally: Find conditions on a space X under which the space Pσ (X) is a Hewitt
completion of the spaces PR(X) and Pτ (X).
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The following theorem partially answers this question. We call a map f PR -open if the
map PR(f ) is open and surjective.
Theorem 5.1. Suppose X is a Tychonoff space whose all finite powers Xn, n ∈ N, are
countably cellular. The space Pσ (X) is a Hewitt completion of the spaces PR(X) and
Pτ (X) provided X can be embedded into the limit space limS of a ω-complete spectrum
S = {Xα,πγα ,A} consisting of universally measurable spaces Xα so that for every α ∈ A
the restriction πα|X :X→Xα of the limit projection πα : limS→Xα is PR-open.
Proof. SupposeX satisfies the conditions of the theorem. Since the spectrum S consists of
universally measurable spaces, we get Pσ (S)= PR(S). By Proposition 3.2, the space X is
C-embedded into limS . Consequently, βX ⊂ β(limS) and PR(X)⊂ Pσ (X)⊂ Pσ (limS).
Since all finite powers of X have countable cellularity, the space PR(X) is countably
cellular too, see [12, 2.20]. Finally, applying Proposition 3.2, we get that the space PR(X) is
C-embedded into Pσ (limS) and consequently, in Pσ (X). Since Pσ (X) is Hewitt complete,
we conclude that Pσ (X) is a Hewitt completion of PR(X) and Pτ (X). ✷
Corollary 5.2. Let X be a universally measurable space whose all finite powers are
countably cellular. Then for every cardinal κ the space Pσ (Xκ) is a Hewitt completion
of the spaces PR(Xκ) and Pτ (Xκ).
Proof. Fix any cardinal κ . If κ  ℵ0, then the space Xκ is universally measurable and thus
PR(X
κ)= Pσ (Xκ) is C-embedded into Pσ (Xκ).
If κ is uncountable, write Xκ as the limit of the inverse spectrum {Xα,πγα ,A}, where
A is the naturally ordered ω-complete directed set of all countable subsets of κ and
π
γ
α :X
γ →Xα is the natural projection for α ⊂ γ ⊂ A. It follows from Theorem 3.1 that
the limit projectionπα :Xκ →Xα is PR-open. By [8, 2.7.10(d)], the powerXκ is countably
cellular. Thus it is legal to apply Theorem 5.1 which completes the proof. ✷
Corollary 5.3. For every AE(0)-space X the space Pσ (X) is a Hewitt completion of the
spaces PR(X) and Pτ (X).
Proof. According to [13, §3.5], every AE(0)-spaceX can be identified with the limit space
limS of a ω-complete spectrum S = {Xα,πγα ,A} consisting of Polish spaces Xα such
that every limit projection πα :X → Xα is 0-soft. The following lemma completes the
proof. ✷
Lemma 5.4. If f :X→ Y is a 0-soft map of a Tychonoff space X onto a Polish space Y ,
then the map PR(f ) is open and surjective.
Proof. By [13, 3.3.13 and 3.3.26] the 0-soft map f :X → Y is open and surjective.
According to Theorem 3.1 to prove our lemma it suffices given a point x ∈ X and a
neighborhood U ⊂ X of x to find a neighborhood W ⊂ U of x such that the map
PR(f |W) :PR(W)→ PR(f (W)) is surjective.
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By [13, 1.1.7], there exists an open surjective map g :Z → Y of a zero-dimensional
Polish space Z onto Y . Fix any point z ∈ Z with f (x) = g(z). Since the map f is 0-
soft, there exists a continuous map s :P → X such that s(z) = x and f ◦ s = g. Then
V = s−11 (U) is an open neighborhood of the point z in Z. Since the map g is open the set
g(V )⊂ f (U) is an open neighborhood of f (x)= g(z) in Y and W = U ∩ f−1(g(V )) is
an open neighborhood of x in X.
We claim that the map PR(f |W) :PR(W)→ PR(f (W)) is surjective. Fix any measure
µ ∈ PR(f (W)). Since g|V :V → g(V )= f (W) is a surjective map between Polish spaces,
there is a measure η ∈ PR(V ) such that PR(g|V )(η) = µ, see Theorem 3.1. Then the
measure ν = PR(s)(η) belongs to the set PR(W) and satisfies PR(f |W)(ν)= µ. ✷
Problem 5.5. Is Pσ (X) a Hewitt completion of Pτ (X) for every X? In other words, are the
functors Pσ and υ ◦Pτ isomorphic?
6. On completions of uniform spaces PR(X) and Pτ (X)
Investigations of the functors PR and Pτ from the view-point of the theory of uniform
spaces were started in [2, §4], [11,14,22]. It was proven in [2, §4] that each bounded
admissible (complete) metric ρ on a metrizable space X can be extended to a bounded
admissible (complete) metric Pτ (ρ) on the space Pτ (X). This fact allows one to extend
a uniformity U on X to a uniformity Pτ (U) on Pτ (X) letting Pτ (U) be the weakest
uniformity on Pτ (X) such that for every uniformly continuous map f : (X,U)→ (M,ρ)
into a bounded metric space the map Pτ (f ) : (Pτ (X),Pτ (U)) → (Pτ (M),Pτ (ρ)) is
uniformly continuous. The space PR(X) is endowed with the uniform structure of a
subspace of (Pτ (X),Pτ (U)). The so defined constructions are functorial in the category
Unif of uniform spaces and their uniformly continuous maps, and are liftings of the
functors PR and Pτ from the category Tych onto the category Unif , see [2, §4]. If a
uniformity U on a space X is generated by a bounded metric ρ, then the uniformity
Pτ (U) is generated by the metric Pτ (ρ) [2, 4.21]. This implies that the functors PR and Pτ
preserve complete uniform spaces of countable uniform weight. Nonetheless, in general,
these functors do not preserve complete uniform spaces: the uniform spaces PR(Rω1) and
Pτ (R
c) are not complete [2, 4.27], [11] (here we consider R as a uniform space whose
uniformity is generated by the standard metric).
Thus we come to the question: What is the topological structure of the completions of
the uniform spaces PR(X) and Pτ (X)? In this section we answer this question for so-called
factorizable uniform spaces X.
A uniformity U on a space X is defined to be factorizable if every continuous map
f :X → R can be written as f = g ◦ π , where π :X → M is a uniformly continuous
map into a complete metric space M and g :M → R is a continuous function. Among
examples of factorizable uniform spaces there are arbitrary products of separable complete
metric spaces as well as spaces equipped with the universal uniformity. We remind that the
universal uniformity on a space X is the weakest uniformity on X such that all continuous
maps f :X→R are uniformly continuous.
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Theorem 6.1. Suppose the Souslin number c(X) of a space X is not Ulam-measurable.
Then for every factorizable uniformity U on X the completions of the uniform spaces
(PR(X),PR(U)) and (Pτ (X),Pτ (U)) are naturally homeomorphic to Pσ (X).
Proof. Suppose U is a factorizable uniformity on the space X. Denote by P the naturally
ordered set of all bounded uniform pseudometrics on the uniform space (X,U). For every
pseudometric d ∈ P denote by Xd the metric space induced by the pseudometric d and
let πd :X→ Xd be the natural “isometric” quotient map. Let Xd denote the completion
of the metric space Xd . For pseudometrics d  ρ from P by πρd : Xρ → Xd the natural
non-expanding map is denoted. Thus we define a spectrum S = {Xd,πρd ,P} whose limit
is naturally homeomorphic to the completion of the uniform space (X,U). In its turn,
the completion of the uniform spaces (PR(X),PR(U)) and (Pτ (X),Pτ (U)) is naturally
homeomorphic to the limit of the spectrum Pτ (S). To finish the proof it suffices to show
that limPτ (S) coincides with Pσ (X).
First we show that Pσ (S) = Pτ (S). Fix any pseudometric d ∈ P and consider the
complete metric space Xd . Let e(Xd) denote the extent of Xd , i.e., the smallest cardinal
κ for which the space Xd contains no closed discrete subspace of size κ . Since e(Xd) =
c(Xd) [8, 4.1.15] and Xd contains a dense subspace Xd which is a continuous image of
the space X, we get e(Xd) = c(Xd) = c(Xd)  c(X) and hence the cardinal e(Xd) is
not Ulam-measurable. By Theorem 2.1, Pσ (Xd) = Pτ (Xd) for d ∈ P and thus Pσ (S) =
Pτ (S). The factorizability of the uniform space (X,U) implies the factorizability of the
spectrum S . Then we may apply Theorem 3.5 to conclude that Pσ (limS) coincides with
limPσ (S) = limPτ (S). Next, the factorizability of the uniformity U on X implies that
X is C-embedded into limS . Consequently, υX = υ(limS) and Pσ (X) = Pσ (υX) =
Pσ (υ(limS))= Pσ (limS)= limPσ (S)= limPτ (S), see Theorem 1.1. ✷
Corollary 6.2. For every separable complete metric space X and every cardinal k the
completion of the uniform spaces PR(Xκ) and Pτ (Xκ) is naturally homeomorphic to
Pσ (X
κ).
In particular, for every cardinal κ the completion of the uniform spaces PR(Rκ) and
Pτ (R
κ ) is naturally homeomorphic to Pσ (Rκ).
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